Excluded volume effects on semiflexible ring polymers
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Two-dimensional semiflexible polymer rings are studied both by imaging circular DNA adsorbed
on a mica surface and by Monte Carlo simulations of phantom polymers as well as of polymers
with finite thickness. Comparison of size and shape of the different models over the full range of
flexibilities shows that excluded volume caused by finite thickness induces an anisotropic increase
of the main axes of the conformations, a change of shape, accomplished by an enhanced correlation
along the contour.

DNA is one of the most versatile building blocks for
the self-assembly of nanoscale structures [1]. The complementary base-pairs enables almost unlimited possibilities in designing highly tailored constructs [2]. But even
without specially designing sequences for specific basepairing, biopolymers such as DNA or cytoskeletal filaments self-assemble in their natural environment. DNA
occurs both in linear and circular forms and condenses
into toroidal structures [3, 4]. Actin assembles into filaments and bundles [5] and also builds ring [6–8], and
racket like [9, 10] complexes. From a geometrical perspective filaments denote the simplest building blocks.
The next level of complexity is reached when topological
constrained forms as in rings arise. Considering polymer rings as building blocks their size and shape are of
eminent importance. Both size and shape strongly depend on two internal biopolymer properties: the ability
to bend and the effective diameter of the polymer. Indeed the shape of polymer rings has been investigated
theoretically regarding the influence of the polymers flexibility L/lp , given by the ratio of total polymer length L
and its persistence length lp [11]. However, our experimental observations show that the previously neglected
finite thickness not only regulates the absolute size [12]
of a polymer configuration but also its shape. This observation is especially important in confined geometries
utilized in the preparation of biopolymer assemblies of
higher order [10].
Coarse grained polymer models rely on phantom
chains, which allow segments to overlap. To describe
real polymers with finite thickness, the excluded volume
of a polymer chain is accurately accounted for by tube
models [13], where the tube imposes a hard core potential, see Fig. 1. To access the effects of finite thickness
and topology experimentally in a well-defined setup, we
investigate circular DNA adsorbed on a mica surface,
which has previously been shown to obey two dimensional worm-like chain statistics [14, 15]. Our data verifies Flory’s predicted growth in size due to polymer’s
finite thickness [12], as has also been accomplished experimentally in different contexts [16–18] and theoreti-

cally by self-consistent and renormalization group theories [19]. Since DNA can be produced in different lengths,
it serves as a model system to investigate the shape over
the full range of flexibility, which so far has only been
forecasted theoretically for phantom polymers in three
dimensions [11].
Here we study the effects of excluded volume caused by
finite thickness on semiflexible polymer rings by imaging
circular DNA on a mica surface and performing Monte
Carlo simulations of semiflexible phantom polymers and
polymers with finite thickness. Calibrating the polymer’s
diameter d by comparing the tangent-tangent correlation, we obtain good quantitative agreement between experiments and simulations with diameter estimates from
polyelectrolyte theory. The finite thickness leads to an
apparent stiffening and an increase of the principal axes
of the polymers configurations as observed by the mean
square radius of gyration. In contrast to Flory’s prediction, the asphericity as a shape measure proves the
growth to be anisotropic, resulting in a change of shape.
The DNA rings without superhelicity were produced
from nicked plasmids pSH1, pBR322, and pUC19 with
flexibilities of L/lp = 40, 30, and 18.3, respectively. Plasmid pUC19 was treated with restriction enzyme RsaI to
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FIG. 1: Simulation snap-shot of a phantom polymer (A)
and a polymer with finite thickness (B) on a plane. Phantom polymers bear overlaps and kink-like bending resulting
in smaller configurations with more aspherical shapes than
polymers with finite thickness.

2

whose eigenvalues λ1 and λ2 define the spatial extent of
the polymer along its principal axes. The squared radius
of gyration measures the total size of an object and hence
is given by the sum of the two eigenvalues,
Rg2 = λ1 + λ2 .

(2)

The criterion for the shape of a polymer is the asphericity,
which is given by the normalized variance of λ1 and λ2
[20], yielding in two dimensions,
2

∆=

(λ1 − λ2 )
.
(λ1 + λ2 )2

(3)

The asphericity ranges between 0 and 1; ∆ = 0 for the
most spherical object in two dimensions, the ring, and
∆ = 1 for the most aspherical configuration, a rod.

1

phantom
self-avoiding
finite thickness
pUC19

0.5

t( s) t( s )

produce three different linear fragments, and using T4
DNA ligase, minicircles of different flexibilities were obtained L/lp = 12.4, 4.6. In order to access the trajectory of the DNA rings by Atomic Force Microscopy, the
sample was deposited on mica, see supplementary material for details. Previous analysis of us [15] proofed
the tangent-tangent correlation and the mean square radius of gyration to obey two dimensional statistics of the
polymer rings.
For the Monte Carlo simulation of a semiflexible polymer rings with persistence length lp , preceding simulation methods were customized to describe two dimensional polymers and extended to incorporate finite thickness as outlined in the supplementary material. In the
simulations with finite thickness configurations including
intersections of tubes of the diameter d around each segment are rejected. Uncorrelated data sets are obtained
by taking configurations every 106 Monte Carlo steps for
phantom polymers and every 108 steps for simulations
with finite thickness. Large ensembles are sampled such
that the statistical error based on a normal distribution
of the observable is of the size of the symbols in all figures
shown.
Semiflexible polymers are well described by the wormlike chain model, where the polymer is modeled as an
elastic rod with bending modulus κ [13]. Representing the polymer by a differential space curve r(s) of
length L parametrized by an arc length s, its statistical properties are determined by the elastic energy
RL
2
H = κ/2 0 ds [∂t(s)/∂s] , where t(s) = ∂r(s)/∂s is
the tangent vector. The persistence length lp as a
measure of the stiffness is defined by the initial decay
of the mean tangent-tangent correlation ht(s)t(s0 )i =
exp(−|s − s0 |/lp ), given by lp = k2BκT for a polymer embedded in two dimensions.
Size and shape of a polymer are comprised in the radius
of gyration tensor,
Z
Z
Z
1
1
Qij =
ds ri (s)rj (s)− 2
ds ri (s) ds̃ rj (s̃) , (1)
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FIG. 2: Tangent-tangent correlation of a semiflexible polymer
ring for different theoretical models and for DNA (pUC19).
The finite thickness is calibrated to d/lp = 0.13. Incorporating the same persistence length models with higher selfexclusion show enhanced correlations.

To model real polymers, two internal parameters are
required, the persistence length lp and the diameter d of
the filament. For the persistence length of DNA we use
the widely accepted value of lp = 50nm. The effective
diameter of DNA, being a polyelectrolyte, changes in a
predictable manner in response to its surrounding ionic
solution, as it has been determined theoretically [21] and
experimentally [22]. For our experimental conditions the
ratio of diameter to persistence length is d/lp = 0.13.
To calibrate the simulation parameters to the experimental data, the tangent-tangent correlation is an ideal
observable reflecting the statistics along the whole contour of the polymer. The agreement between simulation
with finite thickness and experimental data is exemplified for the tangent-tangent correlation for a flexibility
of L/lp = 18.3 considering plasmid pUC19 in Fig. 2.
Included in the graph are also results for a phantom
polymer, where self-intersecting configurations are permitted, and for reasons of comparison the trivial limit
of vanishing thickness d → 0 denoted self-avoiding polymer. In the latter case, only intersections of the polymer
backbone are rejected. This limit does not describe the
experimental data quantitatively as good as the simulations with a thickness of d/lp = 0.13 (7% increase of
the reduced chi-square). Hence, the diameter estimate
based on polyelectrolyte theory yields good quantitative
agreement.
In the tangent-tangent correlation function of Fig. 2,
two effects are evidenced if comparison is made between
a polymer with finite thickness and a phantom chain of
same persistence length (solid and dashed line in Fig. 2,
respectively), one due to the finite thickness of the polymer and the other to the circular topology. On short
distances, the finite thickness restricts the available con-
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FIG. 3: Squared radius of gyration Rg2 compared to the size
of the corresponding rigid ring Rc2 = (L/2π)2 vs. L/lp . The
influence of finite thickness arises in the semiflexible regime
after an effective stiffening in accordance with analytical predictions for stiff rings. In the flexible regime, the increase in
size is required to model the experimental data. Error bars
indicate the statistical errors.

formational space, thus increasing the directional correlation. In order to respect the circular topology, the correlation function must become more negative on distances
s ≈ L/2. In summary, the polymer with finite thickness
appears effectively stiffer.
Similarly, this effective stiffening also affects the overall size of the polymer as measured by the squared radius
of gyration Rg2 . In Fig. 3 Rg2 normalized with the radius of gyration of a rigid circle, namely Rg2 /Rc2 , is
plotted versus the flexibility parameter L/lp for the considered models together with the data. Three regimes are
discerned; in the stiff regime all simulation data for the
radius of gyration normalized by total polymer length
versus flexibility L/lp follow the predicted linear decay
[23]. The stiff regime extends up to high flexibilities
compared to open chains. For phantom polymers this
effect can be accounted for by an effective stiffening due
to the topological constraint of a ring [23]. For polymers with finite thickness the squared radius of gyration
follows the analytic result for the stiff limit up to even
higher flexibilities of approximately L/lp = 12 indicating
a further effective stiffening due to the polymer’s thickness i.e. as a result of excluded volume. This is in agreement with the observation of enhanced correlations in
the tangent-tangent correlation. The semiflexible regime
is a crossover region, where departing from the analytically determined stiff limit, phantom polymers show a
linear decay as flexibility increases suggesting an initial
step by step excitation of higher modes. In contrast, for
polymers with finite thickness these initial higher modes
are suppressed, resulting in a direct transition from the
linear decay in the stiff limit to the power law decay in

the flexible regime. Such polymers with finite thickness
deviate from the stiff limit to larger sizes as is also observed for three-dimensional phantom polymer rings [23].
Finally, in the flexible regime both models have substantially different radii of gyration. In contrast to phantom
polymers, polymers with finite thickness show notably
larger sizes recovering Flory’s swelling effect. The scaling
exponent agrees with Flory’s predicted exponent (data
not shown). The segments of phantom polymers overlap
strongly to maximize entropy as flexibility permits. Precisely those modes are, however, forbidden for polymers
with finite thickness yielding a larger mean squared radius of gyration. Flory’s argument oversimplifies a semiflexible chain of segments to an ideal gas and assumes
that all chain segments overlap with an equal probability
with each other. This results in a growth in size that
is equally large along all principal axes of the polymer.
Hence, Flory’s description predicts an isotropic increase
of the principal axes, which will be tested below when
considering the asphericity. The experimental data in
Fig. 3 are in agreement with the finite thickness polymers,
providing solid evidence that a description of DNA as a
semiflexible polymer with persistence length lp = 50 nm
and effective diameter d/lp = 1.3 is a faithful description
of DNA conformations. Indicated in the graph (Fig. 3)
are only statistical errors of a Gaussian distributed observable as a lower estimate of the statistical error. Furthermore, systematic errors may arise, first, due to the
limited resolution of the AFM images, and second, due
to the fact that the minicircles are not nicked and may
thus experience a slight distortion.
In order to test Flory’s prediction, the asphericity h∆i
(Eq. 3) is plotted in Fig. 4 as a function of the flexibility parameter L/lp and the three regimes appear again.
Starting from a ring configuration with ∆ = 0 for infinite
stiffness L/lp = 0, the asphericity grows linearly for both
models in the stiff region due to the fact that polymers
have an elliptical shape of increasing eccentricity, as it has
been recently predicted by scaling arguments [11]. Selfexclusion plays no role in these configurations because
the segments are well separated from each other due to
the high bending energy of stiff polymers. The increase in
asphericity is continued in the semiflexible regime until it
starts to decrease slowly for flexible polymers, clarifying
ambiguous simulations [24, 25]. For phantom polymers
the asphericity decreases down to h∆i = 0.2625 in the
Gaussian limit [26]. The three regimes of the phantom
polymer resemble results for three-dimensional phantom
rings, which, however, show a more pronounced decrease
in asphericity in the flexible regime as the third spatial
dimension enables more compact configurations.
Focussing on the magnitude of the asphericity in the
two dimensional models of phantom polymers and polymers with finite thickness, we find that the curves commence to deviate from each other in the semiflexible
regime, showing fundamentally different values of as-
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FIG. 4: The asphericities of the two models deviate in the
semiflexible regime due to the influence of finite thickness.
Through enhanced correlations between adjacent segments
and prominent growth of the minor principal axis forced by
pushing overlapping segments apart finite thickness makes the
elliptical shape of ring polymers rounder.

phericity in the flexible region. Hence, the ratio of the
principal axes is strikingly different and the growth in size
induced by the polymer’s thickness is anisotropic along
the principal axes yielding more spherical configurations
compared to a phantom polymer. This is opposite to
simulation results for open random walks in three dimensions, where self-avoidance has been found to lead to
slightly more aspherical configurations [27, 28]. In fact
in three dimensions, a random walk is rarely intersecting its own trajectory. Then our present work suggests
the remaining governing impact of self-avoidance in three
dimensions to be an effective stiffening. Such a stiffening yields more aspherical shapes for open semiflexible
polymers in three dimensions.
Confinement, like in the present case of two dimensional ring polymers, on the other hand, forces polymer
segments to overlap much more frequently. Concerning
two dimensional polymer rings, the notion of an aspherical shape indicates that one principal axis is much longer
than the other like in an ellipse. In the apices of the ellipse, the segments are prone to overlap with neighboring
segments on a local level, while segments in the convex
part of the ellipse tend to overlap with segment being
separated approximately half the total length along the
contour. The finite thickness now effectively stiffens the
polymer inducing less bending at the apices and it increases the minor principal axis by pushing segments in
the convex region apart, see Fig. 1. This results in a
more spherical configuration for polymer rings with finite thickness, as observed in Fig. 4. As the asphericity
distribution is highly skewed our statistical errors underestimate the actual error justifying slight deviations
between our sets of data. Considering two dimensional

polymer rings the good agreement between simulations
and experimental data over the broad range of flexibilities manifests the role of finite thickness and its effects
of effective stiffening and anisotropic change in shape.
In conclusion, we have analyzed the impact of excluded
volume caused by the finite thickness of polymer rings in
two dimensions over the whole range of flexibility, both
by observing DNA rings on mica surface and by computer simulations of phantom and finite thickness polymers. We find that the experimental data can only be
explained by the latter, where each segment of the polymer is represented by an impenetrable tube. From the
comparison of the different models, we determine two
effects of finite thickness. Firstly, tangent-tangent correlation shows an enhanced correlation due to the steric
constraints of the neighboring segments, leading to an
effective stiffening observed in the semiflexible regime of
the mean-square radius of gyration. Secondly, in the
flexible regime Flory’s swelling is recovered. However,
the asphericity discloses an anisotropic change in shape.
Manifesting these properties should enable a new understanding of the conformation statistics of biopolymers
such as DNA and F-actin. A basis on which biopolymer
assemblies can be designed to develop new nanomaterials.
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Experimental Preparation

Atomic force microscopy was used to image DNA molecules of different lengths. The three longest chains with with
flexibilities L/lp =18.3, 30 and 40 were standard plasmids pUC19 (2686 bp), pBR322 (4361 bp), and pSH1 (5930 bp).
The shorter chains with L/lp =12.4 and 4.6 were generated by using T4 DNA ligase to circularize DNA fragments
(676 bp and 1769 bp) obtained from the restriction of pUC19 by endonuclease RsaI. The three largest rings were
nicked to suppress any supercoiling σ. The two mini-circles were not nicked but their short size ensures that most
of them are at their elastic energy minimum without supercoiling σ = 0. pUC19 and pBR322 plasmids as well as
enzymes were purchased from Fermentas, plasmid pSH1 was provided by S.M Lewis. All DNA preparations were
diluted in 1 mM Tris-HCl buffer, pH 7.8, to a final DNA concentration of 1 µg/ml, and MgCl2 was added in the DNA
solution to a final concentration of 5 mM. For imaging, 10 µl solution were deposited for 10 minutes on a freshly
cleave mica surface, rinsed with 3 ml deionized water, and dried under air flow. Images were taken with a Nanoscope
III (Veeco) operated in tapping mode (150 to 300 kHz) in air with silicon ultrasharp non-contact tips of a nominal tip
radius of <10 nm (NT-MDT Co., Zelenograd, Moscow, Russia). The images were only flattened using the Nanoscope
III program. Finally, the two dimensional coordinates of the molecules were recorded using the tracing module of
Ellipse [1]. The tracked positions ~ri , i ∈ [1, N ], along the polymer’s contour are then used to calculate size and shape
parameters based on the discretized version of the radius of gyration tensor
Qij =

N
N
N
1 X X
1 X
~ri~ri − 2
~rj
~rj .
N i=1
N i=1 i=1

(1)

Simulations

To sample the conformations of two dimensional, semiflexible ring polymers Metropolis Monte Carlo simulations is
employed. The polymer ring of length L and persistence length lp is discretized as a two dimensional closed polygon
of N segments of length a, L = N a, and direction ~ti . The energy associated with each single configuration is given
by the discretized version of the wormlike chain model
H = N kB T

N
lp X
(1 − ~ti~ti+1 ),
L i=1

(2)

with imposed periodic boundary conditions ~tN +1 = ~t1 . The persistence length lp is chosen to be the established value
for DNA of lp = 50nm.
New configurations are obtained by standard crankshaft move [2] as follows: Two arbitrary vertices of the polymer
are selected randomly. A pivot axis is drawn between these two vertices and all segments between them are rotated by
180 degrees around the axis. Finite thickness is implemented by discarding conformations in which tubes of diameter
d around each segment overlap.
The correlation between subsequent polymer configurations is estimated by using the autocorrelation function for
the polymer’s squared radius of gyration
! t −t
!

2 tmax
tmax
max
X−t
X−t
X
1
1
χ(t) =
Rg2 (t0 − t)Rg2 (t) −
Rg2 (t + t0 )
Rg2 (t) ,
(3)
tmax − t 0
tmax − t
0
0
t =0

t =0

t =0

2
resulting in a correlation time of
τ=

χ(0)
.
χ(tmax )

(4)

In our simulations the correlation time has been largely overestimated by values of 106 for phantom chain simulations
and 108 for simulations with finite thickness.
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